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ON SEMI-CLASSICAL LIMIT OF NONLINEAR QUANTUM SCATTERING 


REMI CARLES 


Abstract. We consider the nonlinear Schrodinger equation with a short-range external 
potential, in a semi-classical scaling. We show that for fixed Planck constant, a com¬ 
plete scattering theory is available, showing that both the potential and the nonlineaiity 
ai‘e asymptotically negligible for large time. Then, for data under the form of coherent 
state, we show that a scattering theory is also available for the approximate envelope of the 
propagated coherent state, which is given by a nonlinear equation. In the semi-classical 
limit, these two scattering operators can be compai'ed in terms of classical scattering the¬ 
ory, thanks to a uniform in time error estimate. Finally, we infer a large time decoupling 
phenomenon in the case of finitely many initial coherent states. 


1. Introduction 


We consider the equation 

£2 

(1.1) + —AiP^ = {t, x) G M x 

and both semi-classical {e — ^ 0) and large time {t ±oo) limits. Of course these limits 
must not be expected to commute, and one of the goals of this paper is to analyze this lack 
of commutation on specihc asymptotic data, under the form of coherent states as described 
below. Even though our main result (Theorem ll.hl l is proven specihcally for the above case 
of a cubic three-dimensional equation, two important intermediate results (Theorems 11.41 
and ll.51 l are established in a more general setting. Unless specihed otherwise, we shall 
from now on consider i/;® : Rt x —>■ C, d ^ 1. 

1.1. Propagation of initial coherent states. In this subsection, we consider the initial 
value problem, as opposed to the scattering problem treated throughout this paper. More 
precisely, we assume here that the wave function is, at time t = 0, given by the coherent 
state 

(1.2) V'"(0, x) = 

where qo,po G R'^ denote the initial position and velocity, respectively. The function a 
belongs to the Schwartz class, typically. In the case where a is a (complex) Gaussian, 
many explicit computations are available in the linear case (see 1331). Note that the L^- 
normofr/)® is independent of e, ■)llz, 2 (R<i) = ||a||i 2 (R<i). 

Throughout this subsection, we assume that the external potential V is smooth and real¬ 
valued, V G C''^(R‘^; R), and at most quadratic, in the sense that 

G V|a|>2. 

This assumption will be strengthened when large time behavior is analyzed. 


This work was supported by the French ANR projects SchEq (ANR-12-JS01-0005-01) and BECASIM (ANR- 
12-MONU-0007-04). 
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1.1.1. Linear case. Resume (11.11) in the absence of nonlinear term: 

(1.3) iedtip^ +=V{x)il^'^, xgW^, 

associated with the initial datum (11.21) . To derive an approximate solution, and to describe 
the propagation of the initial wave packet, introduce the Hamiltonian flow 

(1.4) q{t) = p{t), p{t) = -Vy {q{t )), 

and prescribe the initial data ( 7 ( 0 ) = q^, p(0) = po. Since the potential V is smooth and at 
most quadratic, the solution {q{t),p{t)) is smooth, defined for all time, and grows at most 
exponentially. The classical action is given by 

(1.5) 


We observe that if we change the unknown function to by 


( 1 . 6 ) 


=£-'^/V ( t 


-m 


J(S(t)+p(t).{x-q{t)))/e 


then, in terms of y), the Cauchy problem (ll.31 )- (ll.2l) is equivalent to 


(1.7) 


idtu^ +-Au^ = V%t,y)u’^ ; u^{0,y) = a{y), 


where the external time-dependent potential is given by 


(1.8) V^(t,y) = i {V{x{t) + y/ey) -V{x{t)) - ^/e {VV{x{t)),y)) . 

This potential corresponds to the first term of a Taylor expansion of V about the point q{t), 
and we naturally introduce u = u{t, y) solution to 

(1.9) idtU+]^Au=]^{Q{t)y,y)u ; u{Q,y) = a{y), 
where 

Q{t) := VV {q{t)) , so that i {Q{t)y, y) = lini V^{t, y). 

Z £—>-0 

The obvious candidate to approximate the initial wave function is then: 

X - q{t) 

sTe 

Indeed, it can be proven (see e.g. |l2]|4l[T7][^[^[^) that there exists C > 0 independent 
of £ such that 

■) - < Cy/ee^*. 

Therefore, is a good approximation of at least up to time of order c In i (Ehrenfest 
time). 


^ giiSit)+pit).{x-q{t)))/e ^ 


( 1 . 10 ) 


ip^{t,x) = £ ( t 
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1.1.2. Nonlinear case. When adding a nonlinear term to (11.3b . one has to be cautious about 

the size of the solution, which rules the importance of the nonlinear term. To simplify the 
discussions, we restrict our analysis to the case of a gauge invariant, defocusing, power 
nonlinearity, We choose to measure the importance of nonlinear effects not 

directly through the size of the initial data, but through an e-dependent coupling factor: we 
keep the initial datum (11.2b (with an L^-norm independent of e), and consider 

iedtip^ + = V[x)ili^ -I- 

Since the nonlinearity is homogeneous, this approach is equivalent to considering a = 0, 
up to multiplying the initial datum by We assume cr > 0, with a < 2/(d — 2) if 

d ^ 3: for a G T,, defined by 

i: = {fGH\R‘^), x^(x)fix)€L\R‘^)}, (x) = {l+\x\^y^\ 

we have, for fixed c > 0, '4’\t=o ^ Cauchy problem is globally well-posed, 

'0^ G C(Rt; S) (see e.g. Q)- It was established in ifTTIl that the value 

da 

a. = 1 + — 

is critical in terms of the effect of the nonlinearity in the semi-classical limit e —0. If 
a > ac, then given by (I1.9b - (ll.l0b . is still a good approximation of at least up to 
time of order c In i. On the other hand, if a = nonlinear effects alter the behavior of 
at leading order, through its envelope only. Replacing ( 11.9b by 

(1.11) idtu + ^Au = i {Q(t)y,y) u + 

and keeping the relation dl.lOb . is now a good approximation of In IfTTI though, 
the time of validity of the approximation is not always proven to be of order at least cln i, 
sometimes shorter time scales (of the order c In In i) have to be considered, most likely for 
technical reasons only. Some of these restrictions have been removed in llJTl . by consider¬ 
ing decaying external potentials V. 

1.2. Linear scattering theory and coherent states. We now consider the aspect of large 
time, and instead of prescribing 0® at f = 0 (or more generally at some finite time), 
we impose its behavior at f = —oo. In the linear case (11.3b . there are several results 
addressing the question mentioned above, considering different forms of asymptotic states 
at f = —oo. Before describing them, we recall important facts concerning quantum and 
classical scattering. 

1.2.1. Quantum scattering. Throughout this paper, we assume that the external potential 
is short-range, and satisfies the following properties: 

Assumption 1.1. We suppose that V is smooth and real-valued, V G In 

addition, it is short range in the following sense: there exists p, > \ such that 

( 1 . 12 ) ^ (1 + 

Our final result is established under the stronger condition /i > 2 (a condition which 
is needed in several steps of the proof), but some results are established under the mere 
assumption ^ > 1. Essentially, the analysis of the approximate solution is valid for p > 1 
(see SectionlDi, while the rest of the analysis requires p > 2. 
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Denote by 


Hq = -A and = -A + l/(a;) 


the underlying Hamiltonians. For fixed e > 0, the (linear) wave operators are given by 

Wl= lim 

t^±oo 

and the (quantum) scattering operator is defined by 

s[,„ = (w^ywi. 

See for instance ISO). 


1.2.2. Classical scattering. Let V satisfying Assumption 1 1.1 1 For {q~ ,p~) G x 
we consider the classical trajectories {q{t),p{t)) defined by (11.4b . along with the prescribed 
asymptotic behavior as f —>■ — oo: 

(1.13) lim \q(t) — p~t — q~\ = lim \p(t)—p~\ = 0. 

t—¥ — tyo ' ' t—¥ — oo 


The existence and uniqueness of such a trajectory can be found in e.g. ||201I5T|| . provided 
that p~ ^ 0. Moreover, there exists a closed set Afo of Lebesgue measure zero in such 
that for all {q~,p~) G R^'^ \ A/o, there exists {q~^jP~^) G R'^ x (R'^ \ {0}) such that 


lim \q{t)-p+t-q+ 


lim |p(t)-p+|=0. 

i^+oo 


The classical scattering operator is : {q ,p ) i—>■ {q'^,p'^). Choosing (g ,p ) G 
R 2 (i ^ implies that the following assumption is satisfied: 

Assumption 1.2. The asymptotic center in phase space, {q~,p~) G R*^ x (R'^ \ {0}) is 
such that the classical scattering operator is well-defined, 

S''\q~,P~) = -k 0 , 


and the classical action has limits as t 

JP-P 


±oo.' 


lim 

t—f — OO 


S(t) — t- 


= lim 




= 0 , 


for some S+ G 


1.2.3. Some previous results. It seems that the first mathematical result involving both 
the semi-classical and large time limits appears in lIZTl . where the classical field limit of 
non-relativistic many-boson theories is studied in space dimension d ^ 3. 

In the case of a short range potential (Assumption ! 1.1b is considered, with asymp¬ 
totic states under the form of semi-classically concentrated functions, 

where / denotes the standard Fourier transform (whose definition is independent of e). 
The main result from ll5^ shows that the semi-classical limit for can be expressed in 
terms of the classical scattering operator, of the classical action, and of the Maslov index 
associated to each classical trajectory. We refer to ll5^ for a precise statement, and to ED 
for the case of long range potentials, requiring modifications of the dynamics. 
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In |[34l[^, coherent states are considered, 

(1.14) 

More precisely, in ll?4ll35l . the asymptotic state u- is assumed to be a complex Gaussian 
function. Introduce the notation 

Ht) = S(t) - 

Then Assumption ! 1.2l implies that there exists (5+ G R such that 

6(t) —0 and S(t) — 

t—¥ — 00 

In lfT7l[T5]l . we find the following general result (an asymptotic expansion in powers of y/e 
is actually given, but we stick to the first term to ease the presentation): 

Theorem 1.3. Let Assumptions \l. U and U^ be satisfied, and let 


u- (y) = a- exp ( - (r_y, y) 


where a- € <C and r_ is a complex symmetric d x d matrix whose imaginary part is 
positive and non-degenerate. Consider solution to (ll.31 l. with (11.14b . Then the following 
asymptotic expansion holds in 




e 


^^iS+/e^^p+■{x-q+)/e+iq+■p+/{2e)f^^(J^y 


X — 




where i?(G+) is the metaplectic transformation associated to G-|- = 


As a corollary, our main result yields another interpretation of the above statement. It 
turns out that a complete scattering theory is available for ( 11.9b . As a particular case of 
Theorem 11.5! (which addresses the nonlinear case), given u_ G S, there exist a unique 
u, G G(]R; E) solution to ( 11.9b and a unique G E such that 

||e-*tVi)-«±lls ^ 0. 

t—f±oo 


Then in the above theorem (where u- is restricted to be a Gaussian), we have 


u+ = R{G+)u-. 


Finally, we mention in passing the paper BHI . where similar issues and results are obtained 
for 


iedtip^ + = V 


(j) + U{x)tpf 


for V a short-range potential, and U is bounded as well as its derivatives. The special 
scaling in V implies that initially concentrated waves (at scaled e) first undergo the effects 
of V, then exit a time layer of order e, through which the main action of V corresponds 
to the above quantum scattering operator (but with e = 1 due to the new scaling in the 
equation). Then, the action of V becomes negligible, and the propagation of the wave is 
dictated by the classical dynamics associated to U. 
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1.3. Main results. We now consider the nonlinear equation 
(1.15) iedtii^ + = V{x)ip^ + 

along with asymptotic data (11.14b . We first prove that for fixed £ > 0, a scattering theory is 
available for (11.15b : at this stage, the value of a is naturally irrelevant, as well as the form 
(11.14b . To establish a large data scattering theory for (13.1b . we assume that the attractive 
part of the potential, 

(9,y(x))+ = 

is not too large, where /+ = max( 0 , /) for any real number /. 

Theorem 1.4. Letd ^ 3, | < cr < andV satishins Assumntion U.hf or some u > 2. 
There exists M = M (p, d) such that if the attractive part of the potential {drV)+ satisfies 

one can define a scattering operator for (EB in for all G there 

exist a unique G C(R: solution to (13.1b and a unique G such that 

^ ' t—f±CO 

The (quantum) scattering operator is the map S‘^ : tpf ^ '0+- 

We emphasize the fact that several recent results address the same issue, under various 
assumptions on the external potential V: ll58l treats the case where V is an inverse square 
(a framework which is ruled out in our contribution), while in ifTSll . the potential is more 
general than merely inverse square. In lfT 2 l . a magnetic field is also included, and the 
Laplacian is perturbed with variable coefficients. We make more comparisons with ifTSIl in 
Section[3] 

The second result of this paper concerns the scattering theory for the envelope equation: 

Theorem 1.5. Letd ^ 1, ^ ^ ct < <^ndV satisfying Assumption\TJ\for some 

p > 1. One can define a scattering operator for (11.1 lb in S.' for all u_ G E, there exist a 
unique u G (7(M; E) solution to (11.1 lb and a unique u+ G E such that 

\\e-^i^u{t)-u±\\^ ^ 0 . 

t—f±oo 

As mentioned above, the proof includes the construction of a linear scattering operator, 
comparing the dynamics associated to ( 11.9b to the free dynamics e* 2 ^. In the above for¬ 
mula, we have incorporated the information that e® = ^ is unitary on (R'^), but not on E 
(seee.g. lO). 

We can now state the nonlinear analogue to Theorem 1 1.3 1 Since Theorem [L4] requires 
d ^ 3, we naturally have to make this assumption. On the other hand, we will need the 
approximate envelope u to be rather smooth, which requires a smooth nonlinearity, ct G N. 
Intersecting this property with the assumptions of Theorem I 1 .4l leaves only one case: d = 3 
and (7 = 1, that is (II.lb . up to the scaling. We will see in Section|5]that considering d = 3 
is also crucial, since the argument uses dispersive estimates which are known only in the 
three-dimensional case for V satisfying Assumption 11.11 with p > 2 (larger values for p 
could be considered in higher dimensions, though). Introduce the notation 

= {/ G id'=(R'^), X \x\^f{x) G L2(K<i)}. 
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Theorem 1.6. Let Assumptions \l .l\ and \l.2\ be satisfied, with /i > 2 and V as in Theo- 
rem \1.4\ Consider solution to 

+ —AiIj‘^= V{x)fi^ + , {t,x) e R x 

and such that (11.141) holds, with U- S . Then the following asymptotic expansion holds 
in L2(R3). 


(1.16) 

g-cJ/4 


X — q~' 


+ 0(-\/e), 


where S’^ is given by Theorem U .4\ and stems from Theorem U .5\ 


Remark 1.7. In the subcritical case, that is if we consider 

= y(a;)V'^ {fx) € R x R^, 

along with (I1.141 i. for some a > 5/2, the argument of the proof shows that (11.161 ) remains 
true, but with given by the scattering operator associated to (11.91 ) (as opposed to (11.111) 1. 
that is, the same conclusion as in Theorem U. 31 when u- is a Gaussian. 

As a corollary of the proof of the above result, and of the analysis from HD, we infer: 


Corollary 1.8 (Asymptotic decoupling). Let Assumption [Ll\ be satisfied, with p > 2 and 
V as in Theorem \L4\ Consider tjj‘^ solution to 

= V{x)fi'^ + x) G R X R^, 

with initial datum 

/ _ \ 

r{0,x) = J2 =: Mx), 

where N ^ 2, ^ Poj ^ 0 so that scattering is available as t ^ -\-oo for 

{qj{t)^Pj{t)), in the sense of Assumption ]! .2\ and aj G tS(IR^). We suppose (qojiPoj) 
(Qok^Pok) j ^ k. Then we have the uniform estimate: 


sup 

t£R 


N 


7 = 1 


s —^0 


L2(M3) 


where is the approximate solution with the j-th wave packet as an initial datum. As a 
consequence, the asymptotic expansion holds in L^(R^), as e ^ 0.' 


7 = 1 


tiS //epipf -p/ /(2e) 


Uj± 



o(l), 


where the inverse wave operators {W^') ^ stem from Theorem \L4\ the Uj±’s are the as¬ 
ymptotic states emanating from aj, and 





Qjit) ■ Pjit) - Qoj ■ Poj 


lim 

t—¥^CO 


2 
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Remark 1.9. In the case V = 0, the approximation by wave packets is actually exact, since 
then Q{t) = 0, hence = u. For one wave packet, Theorem [L6] becomes empty, since 
it is merely a rescaling. On the other hand, for two initial wave packets, even in the case 
1^ = 0, Corollarv ll.SI brings some information, reminiscent of profile decomposition. More 
precisely, define by (fTbl) . and choose (arbitrarily) to privilege the trajectory 
The Cauchy problem is then equivalent to 

e /n ^ t \ , 901 - 902 

u {0,y) = ai[y) + a 2 ^y -— 

where we have set Spo = poi ~ P 02 and 6 qo = got ~ 9o2- Note however that the initial 
datum is uniformly bounded in but in no iT®(R^) for s > 0 (if poi 7 ^ Po 2 )^ while 

the equation is iF^/^-critical, Therefore, even in the case V = 0, Corollary 1 1.8 1 does not 
seem to be a consequence of profile decompositions like in e.g. lEUilllia. In view of 
(fT^. the approximation provided by Corollarv ll.SI reads. in that case: 

u^{t, y) = ui(C y) + U 2 (c y + e^m,v) + o(l) in L-(R; L\R^)), 


^ipo2-Sqo / e-iSpo-y / 


where the phase shift is given by 

'/'2(^> y) = -P02 ■ {tSpo + Sqo) - ]=Spo ■ y + 

£ ye 

= -P02 ■ < 5 go- ^ 5 pQ ■ y - ^\ 5 po\'^ 

£ yj £ Z£ 


2e 


(bo2|^ - boi 


Notation. We write a®(f) < whenever there exists C independent of e G (0,1] and t 
such that a® (f) ^ Cb^(t). 


2. Spectral properties and consequences 
In this section, we derive some useful properties for the Hamiltonian 

H = -\^ + V. 

Since the dependence upon e is not addressed in this section, we assume e = 1. 

First, it follows for instance from ll46ll that Assumption ! 1.1 l imnlies that H has no singu¬ 
lar spectrum. Based on Morawetz estimates, we show that H has no eigenvalue, provided 
that the attractive part of V is sufficiently small. Therefore, the spectrum of H is purely 
absolutely continuous. Finally, again if the attractive part of V is sufficiently small, zero is 
not a resonance of H, so Strichartz estimates are available for 

2.1. Morawetz estimates and a first consequence. In this section, we want to treat both 
linear and nonlinear equations, so we consider 

(2.1) idttp + -All; = Vtj} + A G R. 

Morawetz estimate in the linear case A = 0 will show the absence of eigenvalues. In 
the nonlinear case A > 0, these estimates will be a crucial tool for prove scattering in 
the quantum case. The following lemma and its proof are essentially a rewriting of the 
presentation from 10. 
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Proposition 2.1 (Morawetz inequality). Let d ^ 3, and V satisfvins Assumption 17.71 f or 
some fjL > 2. There exists M = M (fj,, d) > 0 such that if the attractive part of the potential 
satisfies 

{drV{x))+ ^ 

then any solution f) £ to (12.1b satisfies 


(2.2) A 




‘ 2 ( 7-\-‘2 


-dtdx ■ 


RxR'^ 


RxR-^ (1 + 


dtdx < ll'i/’l 




In other words, the main obstruction to global dispersion for V comes from {drV)+, 
which is the attractive contribution of V in classical trajectories, while (drV)- is the re¬ 
pulsive part, which does not ruin the dispersion associated to — A (it may reinforce it, see 
e.g. 0, but repulsive potentials do not necessarily improve the dispersion, see 1321). 


Proof The proof follows standard arguments, based on virial identities with a suitable 
weight. We resume the main steps of the computations, and give more details on the 
choice of the weight in our context. For a real-valued function h{x), we compute, for ip 
solution to (13.1b . 


£ 

dt 


h{x)\'ip{t,x)\'^dx = Im 


’tlj{t,x)yh{x) ■V'ip{t,x)dx, 


— Im / ilj{t,x)Vh{x) ■yip{t,x)dx = / Vip{t, x) ■'V^h{x)Vilj{t, x)dx 


(2.3) 


|^(f, x)fA^h{x)dx — J a:)f VF • Vh{x)dx 
Act 


-f 


cr -I- 1 


\il){t,x)\ Ah{x)dx. 


In the case 1^ = 0, the standard choice is h{x) = |a:|, for which 


V/i = 


^%h = 


Sjk 


Ah —;—, and A^h ^ 0 for d ^ 3. 


This readily yields Proposition |2T| in the repulsive case drV ^ 0, since Vd G L°°. 

In the same spirit as in a, we proceed by perturbation to construct a suitable weight 
when the attractive part of the potential is not too large. We seek a priori a radial weight, 
h = d(|a;|) > 0, so we have 


Ah = h" -f - — ^-h', 

A^h = dW + 2^d(3) + _ (d-l)(d-3) ^ 




- (Sjk - h' + ^d". 

7* \ 


We construct a function d such that d', d" ^ 0, so the condition V^d ^ 0 will remain. 
The goal is then to construct a radial function d such that the second line in (12.3b is non¬ 
negative, along with Ad ^ ? 7 /|a;| for some ry > 0. 
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Case d = 3. In this case, the expression for is simpler, and the above conditions read 

. V/l < 0, 

4 r 

+ h',h''^o. 

r r 

Since we do not suppose a priori that is a radial potential, the first condition is not 
rigorous. We actually use the fact that for h' ^ 0, Assumption ll.ll implies 

M 

VV{x) ■ Vh ^ {drV{x))^ h'{r) ^ 

To achieve our goal, it is therefore sufficient to require: 

(2.4) ^ h' ^ 0, 

4 r (1 + 


(2.5) 

In view of (I2.51 l. we seek 


h” + -h' ^ h' € L°°(R+), h', h" ^ 0. 
r r 


h'{r) =ri + f h"{p)dp. 

Jo 


Therefore, if h” > 0 with h” € L4(R_|_), (12.5b will be automatically fulfilled. We now 
turn to (12.4b . Since we want h' G we may even replace h' by a constant in (12.4b . and 
solve, for C > 0, the ODE 


We readily have 


4 r (1 + r)'^+4 




along with the properties = 0, 


h^^\r) 


r^oo 7 *^' 


i(/i.4) ■ 


for some k > 0. 


It is now natural to set 


poo 

h"{r) = - h^^\p)dp, 

J r 

so we have h" € (^([O, cxd); R+) and 


h"(r) 


for some k > 0 . 


7 —^oo 1,3) ' 

This function is indeed in if and only if p > 2. We define h by h(r) = h'{p)dp. 




r'^Jo (l+p)^+i' 

for some K > 0, h” and h' being given by the above relations: (12.5b is satisfied for any 
value of iT > 0, and (12.4b boils down to an inequality of the form 

(2.7) -^+M{p + C{p)K)^f), 

where C{p) is proportional to 

1 r°o roo 1 rp „4 
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We infer that (I2.61 l is satisfied for K ^ rj, provided that M < 4 ^^- Note then that by 
construction, we may also require 


-A'^h + WV -Wh 

4 


-Co 

{i + \x\y+^’ 


for Co > 0 morally very small. 

Case d ^ 4. Resume the above reductions, pretending that the last two terms in are 
not present: ( 12.6b just becomes 




^2d-2 


0 (i + pjt'+i 

and we see that with h” and h' defined like before, we have 


dp, 


rh''-h' = -p-f h" + rh". 

Jo 

Since this term is negative at r = 0 and has a non-positive derivative, we have rh” — h' ^ 0, 
so finally A^h ^ 0 . □ 


We infer that H has no eigenvalue. Indeed, if there were an L? solution ip = ip{x) 
to Hip = Eip, E G 'R, then ip € H^(R‘^), and ip{x)e~''^^ would be an solution to 
(12.1b for A = 0. This is contradiction with the global integrability in time from (12.2b . so 
o-pp(fT) = 0. 

2.2. Strichartz estimates. In 13 Proposition 3.1], it is proved that zero is not a resonance 
of H, but with a definition of resonance which is not quite the definition in ll52ll . which 
contains a result that we want to use. So we shall resume the argument. 

By definition (as in zero is a resonance of H, if there is a distributional solution 
Ip ^ L^, such that {x)~^ ip G L^(R‘^) for all s > i, to Hip = 0. 

Corollary 2.2. Under the assumptions of Proposition^^ zero is not a resonance of H. 


Proof Suppose that zero is a resonance of H. Then by definition, we obtain a stationary 
distributional solution of ( 12.1b (case X = 0), ip = ip(x), and we may assume that it is 
real-valued. Since Aip = 2Vip, Assumption !l.ll implies 

{x^-^ AiPgL^{R'^), Vs>i. 

This implies that Vip G by taking for instance s = 1 in 

J \Vipf = — J {x)~‘‘Ip {xY Alp. 

By definition, for all test function ip, 

(2.8) - f Wp{x) ■ Vip{x)dx + / V{x)p{x)ip{x)dx = 0. 

2 dR'i Jkj 

Let h be the weight constructed in the proof of Proposition l2.ll and consider 

p = Ip Ah -\- 2Vip ■ Vfi. 

Since V/i G L°°, = 0{{x)~^), and V^h{x) = 0{{x)~‘^), we see that p G H^, 

and that this choice is allowed in (12.8b . Integration by parts then yields ( 12.3b (where the 
left hand side is now zero): 

0 = y VV' • V'^hViP - ^ y - y ip^\/V ■ Vh. 






12 


R. CARLES 


By construction of /i, this implies 


/ 




(i + I^D'^+i 


dx ^ 0 , 


hence '0 = 0 . 


□ 


Therefore, ll52l Theorem 1.4] implies non-endpoint global in time Strichartz estimates. 
In the case d = 3, we know from ED that (in view of the above spectral properties) 

^ Vf^O, 

a property which is stronger than Strichartz estimates, and yields the endpoint Strichartz 
estimate missing in ll5^ . from ED. On the other hand, this dispersive estimate does not 
seem to be known under Assumption 11.11 with fj, > 2 when d ^ 4; stronger assumptions 
are always present so far (see e.g. Emu). However, endpoint Strichartz estimates for 
d ^ 4 are a consequence of lfT9] Theorem 1.1], under the assumptions of Proposition 12.1 1 


Proposition 2.3. Let d ^ 3. Under the assumptions of Provosition \2.1\ for all {q,r) such 
that 


(2.9) 



2 < <7 ^ oo, 


there exists C = C{q, d) such that 




It is classical that this homogeneous Strichartz estimate, a duality argument and Christ- 
Kiselev’s Theorem imply the inhomogeneous counterpart. For two admissible pairs {qi, ri) 
and {q 2 , r 2 ) (that is, satisfying (I2.9b l. there exists independent of the time interval I 
such that if we denote by 

R{F){t,x) = [ a;)ds, 

d/n{s^t} 

we have 

Note that the assumption p, > 2 seems essentially sharp in order to have global in time 
Strichartz estimates. The result remains true for p = 2 ( 00 ), but in Ell, the authors 
prove that for repulsive potentials which are homogeneous of degree smaller than 2 , global 
Strichartz estimates fail to exist. 


3. Quantum scattering 

In this section, we prove Theorem ! 1.41 Since the dependence upon e is not measured in 
Theorem ll.41 we shall consider the case e = 1, corresponding to 

(3.1) = ■^'0 + |'0p'^'0. 

We split the proof of Theorem ! 1 .4l into two steps. First, we solve the Cauchy problem with 
data prescribed at f = —oo, that is, we show the existence of wave operators. Then, given 
an initial datum at f = 0, we show that the (global) solution to ( !3.1b behaves asymptotically 
like a free solution, which corresponds to asymptotic completeness. 
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For each of these two steps, we first show that the nonlinearity is negligible for large 
time, and then recall that the potential is negligible for large time (linear scattering). This 
means that for any ip- € there exists a unique ip G solution to 

(13.1b such that 

llip(t) - e-^^"ip-llffi(Rd) —0, 

^ ^ t—k — OO 

and for any (p G there exist a unique ip G (7(M; solution to (13.1b and a 

unique G such that 

^ >-+oo 

Then, we recall that the potential V is negligible for large time. We will adopt the following 
notations for the propagators, 

C/(f) = e*5^, Uv{t)=e-^*^. 


In order to construct wave operators which show that the nonlinearity can be neglected 
for large time, we shall work with an regularity, on the DuhameTs formula associated 
to ( 13.1b in terms of Uy, with a prescribed asymptotic behavior as t ——oo: 

(3.2) ip{t) = Uv{t)ip-- i f Uvpt - s) (\ip\'^'^ip{s)) ds. 

J —OO 

Applying the gradient to this formulation brings up the problem of non-commutativity with 
Uv- The worst term is actually the linear one, Uv{t)ip-, since 

V (Uv{t)ip-'j = Uv{t)Wip- Uv{t - s) ({Uv{s)^-)VV^ ds. 

Since the construction of wave operators relies on the use of Strichartz estimates, it would 
be necessary to have an estimate of 


L1L’- 

in terms of ip-, for admissible pairs {q, r). Pror)osition l2.3l vields 


< 






for any admissible pair [q, f). In the last factor, time is present only in the term Uv{t)ip-, 
so to be able to use Strichartz estimates again, we need to consider q = 2, in which case 


^ _ o* ._ 2 d. 

' — ^ ■— d-2' 


where Assumption O implies Vf" G as soon as p > 1. Using the endpoint 

Strichartz estimate from Proposition |23] we have 

l|C^u(i)^-||L2i2* < ||^A-||l2, 


and we have: 


Lemma 3.1. Let d ^ 3. Under the assumptions ofProDosition \2J\ for all admissible pair 
(d: r), 

l|e * /llL<!(R;tUU^(Brf)) ^ ll/llffi(R<*)- 

We shall rather use a vector-field, for we believe this approach may be interesting in 
other contexts. 
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3.1. Vector-field. We introduce a vector-field which naturally commutes with Uv, and is 
comparable with the gradient. 

From Assumption ll.il V is bounded, so there exists cq ^ 0 such that V -\- cq Q. We 
shall consider the operator 


A = + Co = Y -I- V -I- Co. 

Lemma 3.2. Let d ^ 3, and V satisfying Assumption 17.71 with V + co ^0. For every 
1 < r < oo, there exists Cr, Kr such that for all f € 1 V^’’'(K'^), 

(3.3) \\Af\\Lr ^ Cr (ll/IU^ + IIV/IUO ^ Kr iWfWLr + \\Af\\Lr) . 

Proof The first inequality is very close to lfT9l Theorem 1.2], and the proof can readily 
be adapted. On the other hand, the second inequality would require the restriction 4/3 < 
r < 4 if we followed the same approach, based on Stein’s interpolation theorem (a similar 
approach for followed in e.g. Il43l l. We actually take advantage of the smoothness of the 
potential V to rather apply Calderon-Zygmund result on the action of pseudo-differential 
operators. 

We readily check that the two functions 




+ V (x) + Co 


1 + ICP 


b{x,^) = 




-f V {x) -f Cg -f 1 


are symbols of order zero, in the sense that they satisfy 

for all a,P G N'^. This implies that the pseudo-differential operators of symbol a and b, 
respectively, are bounded on for all 1 < r < oo; see e.g. Il5?l Theorem 5.2]. In 

the case of a, this yields the first inequality in (I3.31 I. and in the case of b, this yields the 
second inequality. □ 


3.2. Wave operators. With the tools presented in the previous section, we can prove the 
following result by adapting the standard proof of the case V = 0 , as established in 1 ^ . 

Proposition 3.3. Let d 3, | ^ cr < andV satisfying Assumption\Lj\f or some 

p, > 2. For all tp - G 7T^(]R^), there exists a unique 

Ip G C'((-oo, 0];H\R^)) n L^ ((-oo, 0); L2'"+2(M^)) 

solution to dO such that 


Uit)-e ^ 0 . 

^ ^ t—f — CO 

Proof The main part of the proof is to prove that (I3.2i i has a fixed point. Let 

4cr -b 4 

q = 


da 









SEMI-CLASSICAL NONLINEAR QUANTUM SCATTERING 


15 


The pair {q, 2a + 2) is admissible, in the sense that it satisfies (12.9b . With the notation 
4y = l^{] — oo, —T]-, Y), we introduce; 


Xt:= |V'GC(]-oo,-r];i/i); ^ if ||^_||^,, 




lL« L2<.+2 


^ 2 


Uv[-)^- 


L’ L2^+2 


}■ 


where K will be chosen sufficiently large in terms of the constants present in Strichartz 
estimates presented in Prot)osition l2.3l Set r = s = 2(T + 2: we have 

1 _ 1 2a 1 _ 1 2 cr 

/ ^ ^ 7 7 

r r s q q k 

where q ^ k < oo since 2/d ^ a < 2/{d — 2). Denote by $('0) the right hand side 
of ( 13.2b . For i/ G Xt, Strichartz estimates and Holder inequality yield, for all admissible 
pairs {qi,ri)\ 




L'LL'- 


^^c,M4\L^ + c\milL^mLlLr 






L^rL’-y 


for some 0 < 0 ^ 1, where we have used the property r = s = 2a+2. Sobolev embedding 
and the definition of Xt then imply: 

2 ae 


C^,U.\\l^ + C\\Uv{-)^- 


L^L'- 

We now apply the operator A. Since A commutes with If, we have 
In view of Lemma lT^ we have successively. 


%'A'm 


LfL^- 


L'lL’- 


WM-Wl^ ^ \\^-\\hg 

1^ < II + IIV (IV'I^^) I 


Li.L'- 


< 

< 

We infer along the same lines as above. 


2<t 

L’^L‘ 

2(7 

L%,L‘ 


(ll^ll 


U® L'- 


L® L'- 


IIVV-IU^L- 
M^IIl® LT- 


IIV^WIIu-Ln 

We have also 


< 


l|' 0 -lliri+ Uv{-)'4’- 


2(70 


L'LL'- 


|2cr(l-fl) 






L® L’ 




Uv{-)t/- 


c 


L® L*- 


Uv{-)^- 


2(70 


L® L'- 


| 2 <T(l-e)| 


IL® L’-- 


From Strichartz estimates, Uv{-)4’- G T'^(R; L'^), so 


C/y(-)V'- 


L® L'- 


0 as r —>• + 00 . 


Since 0 > 0, we infer that <I) sends Xt to itself, for T sufficiently large. 
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We have also, for "02, '01 ^ 


|$(^ 2 ) - 


IL^L^ 


^ max ||0j||i|,i. 1102 - 0i|lL^Lr 


< 


C/y(-) 0 - 


2cre 


L'LL' 


1102 -0l|li9ir 


Up to choosing T larger, <i> is a contraction on Xt, equipped with the distance 


rf(02,0l) = 1102 -0l||i«ir + 1102 -0l|li-i2 , 

which makes it a Banach space (see 113). Therefore, <i> has a unique fixed point in Xt, 
solution to (13.2b . It follows from (13.3b that this solution has indeed an regularity with 

|| 0 (<) - e **‘^ 0 _||ji-i(Rd) —>• 0 . 

In view of the global well-posedness results for the Cauchy problem associated to (13.1b 
(see e.g. 113), the proposition follows. □ 


3.3. Asymptotic completeness. There are mainly three approaches to prove asymptotic 
completeness for nonlinear Schrodinger equations (without potential). The initial approach 
dlSSl l consists in working with a E regularity. This makes it possible to use the operator 
x+itX, which enjoys several nice properties, and to which an important evolution law (the 
pseudo-conformal conservation law) is associated; see Section|4]for more details. This law 
provides important a priori estimates, from which asymptotic completeness follows very 
easily the the case a 0 2 /d, and less easily for some range of a below 2 /d-, see e.g. lfT3 . 

The second historical approach relaxes the localization assumption, and allows to work 
in provided that a > 2/d. It is based on Morawetz inequalities: asymptotic 

completeness is then established in ll44l 123 for the case d 0 3, and in ll47l for the low 
dimension cases d = 1, 2, by introducing more intricate Morawetz estimates. Note that 
the case d 0 2 is already left out in our case, since we have assumed d 0 3 to prove 
Pror)osition l3.3l 

The most recent approach to prove asymptotic completeness in relies on the intro¬ 
duction of interaction Morawetz estimates in M, an approach which has been revisited 
since, in particular in ||43 and [33 ■ See also ll55l for a very nice alternative approach of 
the use of interaction Morawetz estimates. In the presence of an external potential, this 
approach was used in ins , by working with Morrey-Campanato type norms. 

An analogue for the pseudo-conformal evolution law is available (see e.g. uni), but it 
seems that in the presence of V satisfying Assumption 0 it cannot be exploited to get 
satisfactory estimates. We shall rather consider Morawetz estimates as in ll23 . and thus 
give an alternative proof of the corresponding result from El; note that for A = 1, the 
first part of ( 12 . 2 b provides exactly the same a priori estimate as in ll23 . 

Proposition 3.4. Let d 0 3, | < cr < and V satisfying Assumption \l.l\ for some 
p, > 2. There exists M = M(/i, d) such that if the attractive part of the potential satisfies 

{drV{x))+ 0 

then for all p £ there exist a unique 0 £ solution to (13.1b with 

'4>\t=o = p, and a unique 0_|_ £ such that 

110 (f)-e"**^ 0 +||^i(Rd) ^ 0 . 

In addition, 0, V0 £ L'^(R.+ , L’'(R'^))/or all admissible pairs {q, r). 
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Proof. The proof follows that argument presented in ll2^ (and resumed in ll26ll l. so we 
shall only described the main steps and the modifications needed in the present context. 
The key property in the proof consists in showing that there exists 2<^< such that 

(3.4) ^ 0. 

t—>-+oo 

Since e (see e.g. 113), we infer that the above property is true for all 

2 < r < This aspect is the only one that requires some adaptation in our case. 

Indeed, once this property is at hand, the end of the proof relies on Strichartz estimates 
applied to DuhameTs formula. In our framework, since we first want to get rid of the 
nonlinearity only (and not the potential V yet), we consider 


-fit) = Uv{t)(p - i [ Uv{t - s) (|V’P‘^iA(s)) ds, 


Jo 

and thanks to Proposition l2.3l it is possible to follow exactly the same lines as in Il29ll (see 
also 153 ) in order to infer Pror)osition l3.4l 

Therefore, the only delicate point is to show that (13.4b holds for some 2 < r < . 

This corresponds to Corollary 5.1 in 1291 (Lemme 12.6 in 123 ). The main technical re¬ 
mark is that once Morawetz estimate is available (the one given in Proposition 12.11 whose 
final conclusion does not depend on V), one uses dispersive properties of the group U(t). 
As mentioned above, we do not want to use dispersive properties of Uyit), since they are 
known only in the case d = 3 (on the other hand, this means that the result is straightfor¬ 
ward in the case d = 3, from 123 and IST))- So instead, we consider Duhamel’s formula 
for 13.1b in terms of U(t), which reads 


(3.5) = U{t)(p — i / U{t — s) ds — i / U{t — s) {V'ip{s)) ds. 

Jo Jo 

The new term compared to 123 is of course the last term in 13.5b . and so the nonlinearity 
is now 


fW = + 

Following the argument from 1^ (or 123 ). it suffices to prove the following two proper¬ 
ties: 


1. There exist n > 2* = and a > 0 such that 


- - - d-2 

t-i 


(3.6) 


U{t-s) {Vtp{s))ds 


'to 


^ cr 


L’-i (R'') 

Consider a Lebesgue index ri slightly larger than 2*, 

1 1 

~ = 0<r7<l. 

ri 2* 


Let i > 0, and consider 

hit) = 


pt — £ 

/ U{t — s) (Vipis)) ds 
Jto 




L’-if 


Standard dispersive estimates for U yield 
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where Si is given by 


Si = d [ ^ - ^ ] = 1 + r]d. 


Now we apply Holder inequality in space, in view of the identity 

111 11 2 

1/fc 1/q 

For p > 0 sufficiently small, V G since p > 2, and so 

^ \\V\\Lo\\i’is)\\L>^ < ||V'l|L“(R;ffi)’ 

where we have used Sobolev embedding, since 2 < fc < 2*. We infer 

pt — l pOO 

h{t)< I (i-< / s"^Ms||V’||L»(R;_fri) 

Jto 

2. Now for fixed f > 0, let 
hit) = 


U(t- s){Vip{s))ds 


L2<T+2(Rd) 


We show that for any £ > 0, / 2 (f) —>■ 0 as f —>■ oo. Dispersive estimates for U{t) yield 


m<-s)-^\\viiis)\\^2^ds, ^ = ^{1- 


d(T 


For (a small) a to be fixed later. Holder inequality yields 

r^{s) 


\\V^Pis)\\^2^ = 


\xrv- 




-ipis) 


FI' 

d 


2fj 2 


L2 <t+2 


< 1 . 


Note that for 0 < a <C 1, ||is finite, since | and p > 2. For 

0 < 0 < 1 , write 


V^(s) 


|x|“ 

^2(7+2 


|iA(s)|^ 


|V’(s)| 


1-9 


€ 


L 2 <t +2 


ip{s) 


< 


\x\a -/9 

' 0 (s) 


ms)\\ 


L2a+2 


x/0 


L2(7+2 


\m] 


i-e 

£^ 2 ( 7+2 




To use Morawetz estimate, we impose ajO = l/(2a + 2), so that we have 


V'(s) 


< 


l^2a+2 


4. |a;| IIV^IlL~(R;/rD ■ 


We conclude by applying Holder inequality in time; since i5 < 1, the map s i —{t — s)~^ 
belongs to for 1 ^ ^ 1 + 7 and 7 > 0 sufficiently small. Let (7 = 1 + 7 with 

0 < 7 1 so that s I— >■ (t — s)“^ € d^ioc- d' < 00, and we can choose 0 < 0 <C 1 

(or equivalently 0 < p -C 1 ) so that 

Oq' = 2(7 + 2 . 




\'lp{s,x)\ 


2(7 -\-'2 


-dsdx 


[t—^,i] xE 


We end up with 


l/(2o-+2)g' 
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for some /3 > 0. The last factor goes to zero ast^oo from Proposition l2.ll □ 

3.4. Scattering. Under Assumption ll.il a linear scattering theory is available, provided 
that /i > 1; see e.g. ll^ Section 4.6]. This means that the following strong limits exist in 

lim Uv{—t)U{t), and lim U{—t)Uvit), 

t—¥ — 00 t —¥-\-00 

where the second limit usually requires to project on the continuous spectrum. Recall that 
this projection is the identity in our framework. 

Lemma 3.5. Let d ^ 3, V satisfying Assumption\T^with p > 1. Then the strong limit 

lim Uv{—t)U{t) 

t—^ — OO 

exists in 

Proof. Following Cook’s method ( ifSTl Theorem XI.4]), it suffices to prove that for all 

ifi e S{R^), 

t \\Uv{-t)VU{t)ip\\jji e L^((-oo,-l]). 

For the norm, we have 

\\Uv{-t)vu{tM^, = \\vu{tM ^,. 

Assumption ll.ll implies that V € for all g > d/p. For p > 1, let q be given by 

11 ■ u n j d 

— = —h 77, with 77 > 0 and q > —. 
q d qi 

We apply Holder inequality with the identity 



1/r 


Using dispersive estimates for U{f), we have 

\\vu{t)p\\^. < wuitM^r < 

hence the existence of the strong limit in Lf. 

For the limit, recall that from Lemma lUSI 

\\VUv{-t)VU{tM^, < \\AUv{-t)VUitM^, 

Since A commutes with Uy which is unitary on Lf, the right hand side is equal to 

\\Avu{tM^.<\\vu{tMH^, 

where we have used Lemma lUSl again. Now 

\\VU{tMm ^ \\VU{t)pU- + ||VU X C/(t)p|U 2 + ||UC/(f)Vp|U 2 , 

and each term is integrable, like for the Lf limit, from Assumption ll.il □ 

In the case d = 3, the dispersive estimates established by Goldberg OTIl make it possible 
to prove asymptotic completeness in by Cook’s method as well; for all p G 

t^\\U{-t)VUv{tMm 
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a property which can be proven by the same computations as above, up to changing the 
order of the arguments. To complete the proof of Theorem 11.41 it therefore remains to 
prove that for d > 4, ■)/)+ G and 

(3.7) ^0. 

^ ' t—¥CO 

It follows from the above results that 

/ +00 p+co 

U{t - s) ds + i J U(t - s) (y^ipis)) ds, 

and that ip, Vp) G L'?(R; L’’(K.'^)) for all admissible pairs (q, r). Since we have 

/ +00 p+oo 

U{-s){\'tl)\^'^il){s))ds-i J U{-s)(yi'4){s))ds, 

the previous estimates show that G along with (13.7b . 


4. Scattering for the asymptotic envelope 

In this section, we prove Theorem ll.51 The general argument is similar to the quantum 
case: we hrst prove that the nonlinear term can be neglected to large time, and then rely on 
previous results to neglect the potential. Recall that in view of Assumption ll.il the time 
dependent harmonic potential i {Q{t)y,y) satishes 


(4.1) 



<{t) 




a G N, 


where || • || denotes any matricial norm. We denote by 

Hq = + \ {Qit)y^y) 

the time-dependent Hamiltonian present in (II.11b . Like in the quantum case, we show that 
the nonlinearity is negligible for large time by working on Duhamel’s formula associated to 
dm) in terms of Hq. Since Hq depends on time, we recall that the propagator UQ{t, s) 
is the operator which maps uo to Miin(f), where uun solves 

idtUUn + ^Auiin = ^ {Q{t)y, y) UUn, Miin(s, 2/) = uo{y). 

It is a unitary dynamics, in the sense that Uq{s, s) = 1, and UQ{t, t)Uq{t, s) = UQ{t, s); 
see e.g. ||20l. Then to prove the existence of wave operators, we consider the integral 
formulation 


(4.2) 


u{t) = UQ{t,0)u- - i f UQ{t,s) {\u\'^'^u{s)) ds. 

J —oo 


A convenient tool is given by Strichartz estimates associated XoUq. Local in time Strichartz 
estimates follow from general results given in ||25l, where local dispersive estimates are 
proven for more general potential. To address large time, we take advantage of the fact that 
the potential is exactly quadratic with respect to the space variable, so an explicit formula 
is available for Uq, entering the general family of Mehler’s formulas (see e.g. ll^l^ l. 
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4.1. Mehler’s formula. Consider, for to ^—1, 


idtu+^Au = ^{Q{t)y,y)u ; u{to,y) = uo{y). 




We seek a solution of the form 

(4.3) u{t,y) = -^f 

n-it) Jm- 

with symmetric matrices Mi, M 2 , P € 5d(K). Experience shows that no linear term is 
needed in this formula, since the potential is exactly quadratic (see e.g. uni). 

We compute: 

idtu= i {Mi{t)y,y'^u 




K-) 


{M 2 {t)z,z)- {P(t)y,z) ) uo{z)dz. 


+ -iiMi)^Auoiz)dz 


hence 

idtu+ ^Au = ^trMi - ^ {Mi{t)y,y)u 


2 h 


^^{{Mi(t)y,y) + {M2it)z,z)+2{P(t)y,z)) 


uoiz)x 


X (^- {M 2 {t)z, - 2 {P{t)y, z'j - \Mi{t)y\'^ - \Pit)zf - 2 {Mi{t)y, P{t)z)'^ dz. 

Identifying the quadratic forms (recall that the matrices Mj and P are symmetric), we find: 

h 1 

Ml + M^ + <5 = 0 , 

M 2 + = 0 , 

P + PMi = 0. 


Dispersion is given by 


/i(f) =exp ^ trMi(s)d.: 


where Mi solves the matrix Riccati equation 


(4.4) 


Ml + Ml + Q = 0; Ml (to) = -U 

to 


Note that in general, solutions to Riccati equations develop singularities in finite time. 
What saves the day here is that (14.41) is not translation invariant, and can be considered, for 
f ^ fo “C — 1, as a perturbation of the Cauchy problem 

M + M^ = 0; M{to) = —Id, 

to 


M{t) = -Id. 


whose solution is given by 
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Lemma 4.1. Let Q be a symmetric matrix satisfying (14.1b for // > 1. There exists to < 0 
such that dMli has a unique solution Mi G C{{—oo, to]; 5d(K)). In addition, it satisfies 


Mi{t) 





as t ^ —oo. 


Proof. Seek a solution of the form Mi{t) = + R{t), where i? is s symmetric matrix 

solution of 

2 

R+-R ++ Q = 0\ i?(to)=0. 

Equivalently, the new unknown R = CR must satisfy 
(4.5) ii+^R^ + eQ = 0; R{to) = 0. 

Cauchy-Lipschitz Theorem yields a local solution: we show that it is defined on (— 00 , to], 
along with the announced decay. Integrating between to and t, we find 



Note that s 1 — >• s^Q is integrable as s — >■ —00 from (14.1b (we assume p > 1). Setting 

p{t) = sup \\Ris)\\, 

where || • || denotes any matricial norm, we have 

to t^ 

for some constant C. Choosing to <C —1, global existence follows from the following 
bootstrap argument (see 11) : Let / = /(f) be a nonnegative continuous function on [0, T] 
such that, for every t G [0, T], 

fit) < El +e2/(f)®, 

where £ 1 , E 2 > 0 and 6 > 1 are constants such that 

^ ~ 0 ) (0e2)i/(e-i) ’ ^ (0£2)1/(«-1)- 

Then, for every t G [0, T], we have 

This shows that for |fo| sufficiently large, the matrix R (hence Mi) is defined on (—c», fo]- 
Moreover, since R is bounded, i?(<) = as f —>■ — 00 , hence the result. □ 


We infer 

hit) ~ 

t—f — OO 

which is the same dispersion as in the case without potential. Putting this result together 
with local dispersive estimates from El, we have: 

Lemma 4.2. Let Q be a symmetric matrix satisfying ( 14.1b for fi > 1. Then for all admis¬ 
sible pairs iq, r), there exists C = Ciq, d) such that for all s C K., 
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For two admissible pairs {qi,ri) and (( 72 , ^ 2 ), there exists Cq-^^q^ such that for all time 
interval I, if we denote by 

R{P){t^y)= i UQ{t,s)F{s,y)ds, 

J/n{s<t} 

we have 

II-R(-^)I1l«i(/;L''i(R‘^)) ^ ^91.92 II(7;L'-2(R<1))’ ^ L'^'^ {I; L'^'^ . 

Remark 4.3. Since we have dispersive estimates, end-point Strichartz estimates (q = 2 
when d ^ 3) are also available from ED. 


4.2. Wave operators. In this section, we prove; 

Proposition 4.4. Let d ^ 1, ^ ^ cr < (^ndV satisfying Assumption U.lf or some 

/i > 1. For all U- £ S, there exists a unique u £ C(IR.; E) solution to (11.111) such that 

\\UQ{0,t)u{t)-h-W^ —0. 

t—¥ — co 


Remark 4.5. The assumption cr ^ | could easily be relaxed, following the classical argu¬ 
ment (see e.g. my We do not present the argument, since Theorem 1 1.41 is proven only 
fora > f. 

Proof The proof follows closely the approach without potential (Q = 0). From this 
perspective, a key tool is the vector field 

J{t) = y + itV. 


It satisfies three important properties: 

• It commutes with the free Schrodinger dynamics. 


idt + -A, J 


= 0 . 


• It acts like a derivative on gauge invariant nonlinearities. If F{z) is of the form 
F{z) = G(|z|2)2,then 


J{t) {F{u)) = dzF{u)J{t)u — dzF{u)J{t)u. 

• It provides weighted Gagliardo-Nirenberg inequalities; 

{ 2<r^ooifd=l, 

2^r<ooifd = 2, 

I y I ^ ^ I 1 ^ "X 

The last two properties stem from the factorization J{t)f = V I / j. Note 

that the commutation property does not incorporate the quadratic potential; 

[idt - Hqi j] = itQ{t)y = itQ{t)J{t) + t^Q{t)y. 


Now the important remark is that 1 1 —>■ t^Qif) is integrable, from (14.11) since p > 1. 
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To prove Proposition 14.41 we apply a fixed point argument to the DuhamePs formula 
(IO >. As in the case of the quantum scattering operator, we have to deal with the fact that 
the gradient does not commute with Uq, leading to the problem described in Section [TTl 
Above, we have sketched how to deal with the inhomogeneous term in (14.21) . while in Sec- 
tion l3.ll we had underscored the difficulty related to the homogeneous term. We therefore 
start by showing that for any admissible pair (gi, ri), there exists Kg^ such that 

(4.6) \\VUQit,0)f\\L.^iR■Lr^) + \\JmQit,0)f\\L^HM-L^^) ^ Kg,\\f\\^. 

To prove this, denote 

Mt) = UQ{t,0)f, Vi(t) =VUQ{t,0)f, V2{t) = J{t)UQ{t,0)f. 

Since yvo = V 2 — itvi, we have: 


idtvi = Hqvi + Q{t)yvo = Hvi + Q{t)v 2 - itQ{t)vi] t;i(0,t/) = y.f{y), 

idtV2 = Hqv 2 + itQ(t)v2 + t^Q(t)vi, V2{0,y) = yf{y)- 

Lemma lA^ vields 


lkl||L9i(R;L'-i) + ||'f2||L‘ii(R;Lri) < ||/||e + 




(t) Q{t)v2{t)\\L^dt 


{tf Q{t)vi{t)\\L 2 dt, 


where we have chosen ( 52 , ^ 2 ) = ( 00 , 2). The fact that Uq is unitary on and (14.1b 
imply 

II {t) Q{t)v2it)h^ < WyfU^, II {tf Qit)v,{t)\\L^ < {t)~^ II V/||l=, 

hence (14.6b . We then apply a fixed point argument in 

X{T) =[u e L^{{-oo,-nH^), 

(II^“IIl“((-oo,-T];L 2 ) + ||Bu||l 9 ((-oo,-T];L'-)) ^ K||m_||e|, 

Be{Id,V,J} 

where the admissible pair (g, r) is given by 

, , /4cr + 4 \ 

and the constant K is related to the constants Cg from Strichartz inequalities (Lemma [4.2b . 
and Kg from (14.6b . whose value we do not try to optimize. The fixed point argument is 
applied to the DuhameTs formula (14.2b : we denote by $(m) the left hand side, and let 
u € X{T). We have 


||$(M)||ioo((_oo.-T];L2) ^ ||M-||l2 + C |||m| 

where stands for L“((— 00 , — T]). Holder inequality yields 


l“l ^ ll“llLi).L'- 


1^11 




1 

7 


1 

9 


—, that is A: = 
k 


4ct(ct + 1) 
2 -{d-2)a' 


where k is given by 
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Weighted Gagliardo-Nirenberg inequality and the definition of X{T) yield 




< 


\t\ + 2 


We check that for cr ^ , 


and so 


k X 


da 


2da^ 


2 a+ 2 2 -{d-2)c 


^ 2 , 


^ i — ] as T oo. 


T 


By using Strichartz estimates again, 

which shows, like above, that if T is sufficiently large, ||‘h('u)||^^^r ^ 2 Cq\\u-\\]^2. 

We now apply V and J{t) to $, and get a closed system of estimates; 

V$(m) = VUQ{t, 0)u- - i f UQ{t, s)V (|u|^'"m(s)) ds 

J —oo 

-if UQ{t,s){Q{s)J{s)^{u))ds- f UQ(t,s){sQ{s)X^{u))ds, 

J —OO J —oo 

J{t)^{u) = J{t)UQ{t,0)u_ — i f UQ(t,s)J{s) (^\u\^'^u{s)) ds 

J — OO 

+ [ UQ{t,s) {sQ{s)J{s)^{u)) ds - i f Uqit, s) {s'^Q{s)V^{u)) ds, 

J —OO J —OO 

where we have used the same algebraic properties as in the proof of (I4.61 l. Set 

M(T) = 

Be{v,J} 

Lemma|42]and (14.fil l yield 

M(T)< ||fi_||E+ ^ \\\u\^^Buh,>^^, 


U)\\LtL 




iLi.L'- 


Be{v,J} 


+ II (t) + II (f)^ Q{t)W^{u)\\l^^L 2 , 

where we have also used the fact that J{t) acts like a derivative on gauge invariant nonlin¬ 
earities. The same Holder inequalities as above yield 


u| ^ \\u\\jilq^r\\Bu\\L^^L 


< 


'J^2a/k 


\\Bu\\ 


L'LL'- 


On the other hand, from (14.11) . 


(f) g(f) + II {tf Q(f)Vcl>(u)||^^^. < J^M{T) 


and so 




Be{v,J} 
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By choosing T sufficiently large, we infer 


and we conclude that $ maps X{T) to X{T) for T sufficiently large. Up to choosing T 
even larger, $ is a contraction on X{T) with respect to the weaker norm since for 

u,v G X(T), we have 


||$( m ) - ^v)\\L-,Lr 


< 




LtL'' 


< 


(ikll 


2a 

L’tL’- 


< 


J^2alk 


\U-V\\LtLr, 



\\u-v\\L^^Lr 


where we have used the previous estimate. Therefore, there exists T > 0 such that $ 
has a unique fixed point in X{T). This solution actually belongs to E) from ifTOl . 
Unconditional uniqueness (in E, without referring to mixed space-time norms) stems from 
the approach in ll54l . □ 


4.3. Vector field. It is possible to construct a vector field adapted to the presence of Q, 
even though it is not needed to prove Proposition 14.41 Such a vector field will be useful 
in Section |5l and since its construction is very much in the continuity of Section l4n we 
present it now. Set, for a scalar function /, 

Af = f'^ = w{t) {fVcf) + iVf), 

where kU is a matrix and the phase </) solves the eikonal equation 

dt(l) + i (Q(f)y, y) = 0. 

Since the underlying Hamiltonian is quadratic, (p has the form 

i {K{t)y,y) , 

where K(t) is a symmetric matrix. For A to commute with idt — Hq, we come up with 
the conditions 

k + + Q = 0, W = WV^cf) = WK. 

We see that we can take K = Mi as in the proof of Lemma [JT] and A will then satisfy 
the same three properties as J, up to the fact that the commutation property now includes 
the quadratic potential. 

Since the construction of this vector field boils down to solving a matricial Riccati 
equation with initial data prescribed at large time (see (14.4b ). we naturally construct two 
vector fields A±, associated to t ^ ±oo. In view of Lemma [JT] A- is defined on 
(—oo, —T], while A+ is defined on [T, oo), for a common T ^ 1, with 

A± = W±{t) (V(/)± +iV), (j)±{t,y) = i {K±{t)y,y) , 

where K± and W± satisfy 

k± + Kl+Q = Q, W±=W±K±, 
so that Lemma l4n also yields 

W±{t)^tld ast^±oo. 


(4.7) 
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We construct commuting vector fields for large time only, essentially because on finite time 
intervals, the absence of commutation is not a problem, so we can use V, y or J. 

4.4. Asymptotic completeness. In this section we prove: 

Proposition 4.6. Let d ^ 1, ^ ^ cr < satisfying Assumption\LJ\for some 

p, > \. For all uq S S, there exists a unique {t+ € S such that the solution u £ C(]R; S) 
to dl.lll ) with u\t=o = tiQ satisfies 

Y, \\mu{t) -r{t)UQ{t,0)u+h2 ^ 0. 

^^ >-+oo 

rG{Id,V,J} 

Proof In the case (5 = 0, such a result is a rather direct consequence of the pseudo- 
conformal conservation law, established in ll28ll . Recalling that J{t) = y itV, this law 
reads 

I (]^\\jm\h + = ^(2 - da)\\um%ti- 

A way to derive this relation is to apply J to (II.lib . The operator J commutes with 
the linear part {Q = 0), and the standard Lf estimate, which consists in multiplying the 
outcome by Ju, integrating in space, and taking the imaginary part, yields: 

= Im /luJ . 



J (Irtp'^u) = (cr + l)|wp'^ Jm + ^Ju. 

The first term is real, and the rest of the computation consists in expanding the remaining 
term. 

In the case where Q 0, we resume the above approach: the new contribution is due 
to the fact that J does not commute with the external potential, so we hnd: 

\ d f 

= like before + Re / tQ[t)xu ■ Ju 

= like before + f Re / {Q{t)J{t)u, J{t)u)-\-t^Lm / {Q{f)'SJu, Ju). 
JR<‘ Js.<‘ 

On the other hand, we still have 

= 2(cr + 1) y Re (udtu) = 2(cr + ^) J Re x , 

and so, 

I (^limuWh + = ^(2 - da)\\um%t^^ 

+fRe / {Q{t)J{t)u, J{t)u)Im / {Q{t)Vu,Ju). 

Thus for f ^ 0 and cr ^ |, (14.1b implies 

^ (^l\\At)u\\l, + ^\\um%t^^) < \\J{t)u\\h+{t)-^ \\yuh4JuU.. 

Even though there is no conservation of the energy for dl.l lb since the potential depends 
on time, we know from llJTl that u £ L°° (K.; (R'^)). As a matter of fact, the proof given 
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in IIJTI Section 4] concerns the case cr = 1 in d = 2 or 3, but the argument, based on energy 

2 

)+' 

Since /r > 1, we infer 


estimates, remains valid for d ^ 1, ct < (d- 2 )+ ’ since we then know that u € E). 


(4.8) Jug L°°{R+]L‘^). 

Writing Duhamel’s formula for (II.11b with initial datum uq, in terms of Uq, we have 

u{t) = UQ{t,0)uo-i f C/Q(f, s) (|up'^u(s)) ds. 
do 

Resuming the computations presented in the proof of Pror)osition l4.4l (14.8b and (weighted) 
Gagliardo-Nirenberg inequalities make it possible to prove that 

Bu G (R+; L^^), V(qi,ri) admissible, VB G {Id, V, J}. 

Duhamel’s formula then yields, for 0 < fi < t 2 , 

fjQ(0,t2)u(t2) - UQ(0,ti)u(ti) = -i f C7q(0,s) (|Mp‘^u(s)) ds. 

Jti 

From Strichartz estimates, 

l|CdQ(0,f2)w(f2) - C/Q(0,fi)u(fi)||i,2 < , 

and the right hand side goes to zero as fi, ^2 +oo. Therefore, there exists (a unique) 
{(+ G LJ' such that 


\\UQ{0,t)u{t)-u+\\L^ 0, 

i—>-+oo 


and we have 


/ OO 

UQ{t, s) ds. 

Using the same estimates as in the proof of Pror)osition l4.4l we infer 

||Vu(f) - VC/Q(f,0){t+||i2 + \\J{t)uit) - Jit)UQ{t,0)u+\\L^ 

< II lup'^VitlL ,, TT-'\ + \\\u\‘^'^Ju\\^,, /. 

~ IM I ML^ {t,oo;L^ ) IM ' W (t,oo;L^ ) 

+ II d(s)u||Ll(t,oo;L 2 ) + || (s)”^ VM||i,l(t,oo;L 2 ). 

The right hand side goes to zero as f —oo, hence the proposition. □ 


Remark 4.7. As pointed out in the previous section, it would be possible to prove the 
existence of wave operators by using an adapted vector field A. On the other hand, if Q{t) 
is not proportional to the identity matrix, it seems that no (exploitable) analogue of the 
pseudo-conformal conservation law is available in terms of A rather than in terms of J. 

4.5. Conclusion. Like in the case of quantum scattering, we use a stronger version of the 
linear scattering theory: 

Proposition 4.8. Let d ^ 1, U satisfvim Assumption \l.i\ with p > 1. Then the strong 
limits 

lim ?7 q( 0, f)t/(f) and lim U(—t)UQ(t,0) and 

t—^dzoo ^ t—^dzoo ^ 


exist in E. 
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Proof. For the first limit (existence of wave operators), again in view of Cook’s method, 
we prove that for all tp G 

f la \\UQ(f),t){Q{t)y,y)U{f)p\\^ G ^^(R). 

For the norm, we have, in view of (14. 11 1. 

d 

\\Uq{0, t) {Q{t)y, y) U{f)ip \\^2 < \\yp{t)p\\L^. 

2=1 

Write 

y] = {yj + itdjY + - ‘^ityjdj = {yj + - t'^dj - 2it{yj + itdj)dj, 

to take advantage of the commutation 

{yj+itdj)U{t) = U{t)yj, 

and infer 

\\UQ{0,t) {Q(t)y,y) (IHylVlU^ + t^ApU.) < {ty^ . 

The right hand side is integrable since /r > 1, so the strong limits 

lim UQ{0,t)U{t) 

t—f±c>o 

exist in L^. To infer that these strong limits actually exist in S, we simply invoke ( 14.61 ) in 
the case (gi, ri) = ( 00 ,2), so the above computation are easily adapted. 

For asymptotic completeness, we can adopt the same strategy. Indeed, it suffices to 
prove that for all ip G 5(R'^), 

f LA \\U{-t) {Q{t)y,y)UQ{ty)p\\^ G y{R). 

For the norm, we have 

\\U{-t) {Q{t)y,y)UQ{t,0)py2 = ||(Q(f)y, y) C/Q(f, 0)(p||^2 

d 

i=i 

We first proceed like above, and write 

= {yj + itdjf' - fdj - 2it{yj + itdj)dj. 

The operator J does not commute with Uq, but this lack of commutation is harmless for 
our present goal, from (14.61) . By considering the system satisfied by 

{yj +itdjfUQ{t,0)py]UQ{t,0)p,dyyj+itdj)UQ{t,0)p, 

we obtain 

d 

Y iWiVi + + \\9jUQ{ty)p\\L^ + WdjiVj + it9j)UQ{t,0)p\\L^) 

i=i 

^ c'II‘fIIe2, 

where is the space of functions with k momenta in L^, and C does not depend 
on time. Finally, we also have a similar estimate by considering one more derivative or 
momentum. The key remark in the computation is that the external potential {Q{t)y, y) 
is exactly quadratic in space, and so differentiating it three times with any space variables 
yields zero. □ 


30 


R. CARLES 


5. Proof of Theorem I 1.6I 
The main result of this section is: 

Theorem 5 . 1 . Let d = i, a = 1, V as in Theorem U .4\ and u_ G S^. Suppose that 
Assumption 17.21 is satisfied. Let ijj‘^ be given by Theorem \L4\ u be given by Theorem U .5\ 
defined by (ll.lOl l. We have the uniform error estimate: 

sup Wf^t) - v?''(f)|lL2(R3) = O (Te). 

tCR 

Theorem 11.61 is a direct consequence of the above result, whose proof is the core of 
Section|3 From now on, we assume d = 3 and <7=1. 

5.1. Extra properties for the approximate solution. Further regularity and localization 
properties on u will be needed. 

Proposition 5 . 2 . Let a = 1, l^d^3, andV satisfying Assumption\LJ\for some 

p. > 1. If U- £ then the solution u G C'(M;E) provided by Theorem 17.51 satisfies 
u G ^(R; E^'). The momenta ofu satisfy 

\\\yfu{t,y)\\L'^{Rf ^ Ce{tf , 0 ^ < fc, 

where Ci is independent of t G M. 

Proof We know from the proof of Theorem U.5l that since U- G E, 

u,S/u,Ju G 

The natural approach is then to proceed by induction on k, to prove that 

J'=u G L°°iR; L^{R‘^)). 

We have, as we have seen in the proof of Proposition |4j4l 
idtVu = HqVu + Q{t)yu + V (lupu) 

+ HqVu + Q(t)J{t)u — itQ{t)Vu + V (|upu) , 
idtJu = HqJu + itQ{f)yu + J (|u|^u) 

= HqJu + itQ{t)J(t)u + t^Q{t)S7u + J {\u\^u) . 

Applying the operators V and J again, we find 

idtS/'^u = HqV^u + 2Q{f)yVu + Q{f)u + (|upu) 

+ HqS/u + 2Q{t)J{t)S7u — 2itQ{t)S7^u + Q{f)u + (|wpw) , 
idtJ^u = HqJ^u — 2t^Q{t)yVu — t^Q{t)u + (|upu) 

= HqJ^u — 2t^Q{t)JVu + 2it^Q{t)j'^u + itQ(t)u + (|upu) . 

In view of ( 14.11 ). we see that t i— t^Q{t) need not be integrable (unless we make stronger 
and stronger assumptions of p, as k increases), so the commutator seems to be fatal to this 
approach. To overcome this issue, we use the vector field mentioned in Section 1431 For 
bounded time t G [—T, T], the above mentioned lack of commutation is not a problem, 
and we can use the operator J, which is defined for all time. We note that either of the 
operators A± or J satisfies more generally the pointwise identity 

B {U1U2U3) = {Bui) U2U3 + Ml {BU 2 ) M3 + M1M2 {BU 3 ), 
for all differentiable functions mi, M2, M3. 
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Now we have all the tools to proceed by induction, and mimic the proof from Appen¬ 
dix]. The main idea is that the proof is similar to the propagation of higher regularity for 
energy-subcritical problems, with the difference that large time is handled thanks to vector 
fields. We leave out the details, which are not difficult but rather cumbersome: considering 

{ A- (t) for t ^ —T, 

J(t) forte 
A+ {t) for t ^ T, 


we can then prove that 

V'^u,B^u e L“(]R;L2(R<i)). 

Back to the definition of A±, 


A± (t) = W± (t)K± (t)y + iW± (t) V, 

(14.7b then yields the result. 


□ 


5.2. Strichartz estimates. Introduce the following notations, taking the dependence upon 
e into account: 

Since we now work only in space dimension d = 3, we can use the result from 1311. 
Resuming the proof from ED (a mere scaling argument is not sufficient), we have, along 
with the preliminary analysis from Section|2] the global dispersive estimate 

(5-1) ^ ^g,|^Q3/2’ f 7^ 0. 

For |f| ^ i5, d > 0 independent of e, the above relation stems initially from 1251 . As a 
consequence, we can measure the dependence upon e in Strichartz estimates. We recall the 
definition of admissible pairs related to Sobolev regularity. 

Definition 5.3. Let d = 3 and s G K. A pair [q, r) is called H‘‘-admissible if 



For fo £ R U {—oo}, we denote by 

Rl{F)(t)= f Uf{t-s)F{s)ds 
7 to 

the retarded term related to Duhamel’s formula. Since the dispersive estimate 15.11 is the 
same as the one for we get the same scaled Strichartz estimates as for this operator, 
which can in turn be obtained by scaling arguments from the case e = 1. 

Lemma 5.4 (Scaled L^-Strichartz estimates). Let fo £ R U {—oo}, and let {qi,ri) and 
(< 72 , ^ 2 ) be L^-admissiblepairs, 2 ^ rj ei 6. We have 
1 

£«! ||C/y(-)/l|L9i(R;L'-i(R3)) ^ II/I|l2(R3), 

£51 (F®) 11^51 (RO)) ^ II-^11^92 (7;L''2 (R3)) ’ 

where is independent of e, Iq, and of I such that fp e I. 

We will also use Strichartz estimates for non-admissible pairs, as established in l40l 
(see also CSIEI). 
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Lemma 5.5 (Scaled inhomogeneous Strichartz estimates). Let to S M U {—c»}, and let 
(gi, ri) be an -admissiblepair, and {q 2 , ^ 2 ) be an -admissiblepair, with 

3 < ri,r2 < 6. 


We have 

e«+92 ^ C'gi.92l|-P'lli4(7;L'-2(R3))’ 

where Cq-^^q^ is independent ofe, to. and of I such that to € 1. 


5.3. Preparing the proof. Subtracting the equations satisfied by and respectively, 
we obtain as in ifTTI : satisfies 

(5.2) iedtw^ + y Aw" = Vw^ - £" + (|^"| V" - |<p"| V), 

along with the initial condition 


where the source term is given by 

C^{t,x) = (v{x) - V (q(t)) - s/e{VV {q{t)),y) 


{Q{t)y,y. 






p^{t,x). 




Duhamel’s formula for w" reads 


ft) = -*£3/2 r _ s) 

J —00 

+ *£“3 f Uy{t — s)C^{s)ds. 

J —00 


Denoting L“(] — 00 , t]; L^(R3)) by L'pL^, Strichartz estimates yield, for any L^-admissible 
pair (gi,ri). 


(5.3) 


rl/9 


M|w"|| 




< p3/2-l/<? ||U//|2 




IL? L 


£ ‘ 


where (g, r) is the admissible pair chosen in the proof of Proposition l3.3l that is r = 2(T+2. 
Since we now have d = 3 and tr = 1, this means; 


and ( 15.31 ) yields 
(5.4) 


8 , „ 

<7 = g, fe = 8, 


The strategy is then to first obtain an a priori estimate for u>" in L^L^, and then to use it 
in the above estimate. In order to do so, we begin by estimating the source term in the 
next subsection. 


5.4. Estimating the source term. 

Proposition 5.6. Letd = 3, tr = 1, satisfying Assumption\LJ\witii p > 2, andu- € 
for some k ^ 7. Suppose that Assumption [7.21 is satisfied. Let u G C(M.;IJ^) given by 
Theorem U.5\ andProDosition \5.2\ The source term LA satisfies 

1 /el 

^ 3/2 -|I'^'^(^)IIl3/2(r 3) < —Vf e K. 

\V \^/ 
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Proof. To ease notation, we note that 

where 

s^{f y) = \{y + 2/Ve) - V (q(t)) - Ve (V^ (q(t)) , 2 /) - | (Q(t)y, //)) u(t, y). 

In particular, 

-|I'^''(^)I|l2(R3) = ||5®(/)||l2(r3), -||-C^(/)||l3/2(r3) = 11 5^ (/) 11 ^3/2 (R3) . 

Taylor’s formula and Assumption ! 1.1 1 yield the pointwise estimate 

\SHt,y)\<y/e\yf [ — - ^^—^de\u[t,y)\. 

Jo {q{t) + ey./er 

To simplify notations, we consider only positive times. Recall that from Assumption [L2] 
^ 0. Introduce, for 0 < ?7 < \p+\/2. 


i{S{t)+ip(t)-{x-q{t)))/e 


Since q{f) ^ p+f as f —oo, on the complement of fl, we can use the decay of V, (11.121) . 
to infer the pointwise estimate 

(5-5) |5^(*,2/)I V \/e|y|^—^|M(t,y)| onfl^ 


W 


Taking the L^-norm, we have 


ll'5^(f)l|L2(n'=) ^ 


Ve 


\\\y\^u{t,y)\\L2(^3^ 


< 


VI 


where we have used Proposition |5]2] On O however, the argument of the potential in Tay¬ 
lor’s formula is not necessarily going to infinity, so the decay of the potential is apparently 
useless. Back to the definition of that is leaving out Taylor’s formula, we see that all 
the terms but the first one can be easily estimated on O. Indeed, the definition of O implies 


\Viq{t))u{t,y)\ 


< 


1 

w 


uit,y)\ 


< 


1 

w 


2/Ve 




where k will be chosen shortly. Taking the norm, we find 

1 pkjl-X fe/2-1 

-\\V{q{t))u{t)U2^n) < 7^lllVMi,2/)IV3(M3) < 

^ {t) \^/ 

where we have used Proposition 15.2! again. Choosing fc = 3 yields the expected estimate. 
The last two terms in can be estimated accordingly. For the first term in however, 
we face the same problem as above: the argument of V has to be considered as bounded. 
A heuristic argument goes as follows. In view of Theorem ll.51 


M(f,2/) ~ e* 

t—foo 


u+ 


f3/2“+ 




where the last behavior stems from standard analysis of the Schrodinger group (see e.g. 
Il50ll ). In view of the definition of fl, we have, formally for y G ft, 


\u{t,y)\ V 7^ sup 


u+ 
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Then the idea is to keep the linear dispersion measured by the factor (which is in- 
tegrable since d = 3), and use decay properties for to gain powers of e. To make this 
argument rigorous, we keep the idea that u must be assessed in L°° rather than in L^, and 
write 

^\\v {q{t) + yVs) ^ ^l|MWIlL“(n)l|l^ (gW + 2 /Ve) llL 2 (n)- 

For the last factor, we have 

11^ (dit) + yVs) l|L2(n) < e~^'^"^||^||L2(R3), 

where the last norm is finite since fj, > 2. For the norm of u, we use Gagliardo- 
Nirenberg inequality and the previous vector-fields. To take advantage of the localization 
in space, introduce a non-negative cut-off function x £ such that: 

( 1 if Izl > 77 , 

In view of the definition of fl, 

l|M(i)l|L“(a) < 

Now with B as defined in the proof of Proposition 15.21 Gagliardo-Nirenberg inequality 
yields, for any smooth function / (recall that y £ R.^), 

We use this inequality with 

f{t,y) = X u{t,y), 

and note that 

B{t)f{t,y) = X B{t)u{t,y) + i^W{t)\/x ^ u{t,y), 

where W {t) stands for W± or t. Recall that t W{t) jt is bounded, so the last term is 

actually “nice”. Proceeding in the same way as above, we obtain 

l|M(f)||L2(Q) < 

provided that M_ £ E^. Similarly, 

||B2(f)M||i2(0) < 

and so 

jIlF W) + 

Therefore, the estimate follows as soon as fe ^ 6. For the T^/^-estimate, we resume 
the same computations, and use the extra estimate: for all s > 1/2, 

(5.6) ii/iil3/2(m 3) < ii/iii/(R4";iikr/iiL''2(;3). 


y\/e 


‘■{i,y) 






y\/e 


u{t,y) 
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This estimate can easily be proven by writing 


IL3/2(k3) 


< 


IL 3 / 2 (|j^|</j) 




L^/'^(\x\>R) 


SO Holder inequality yields, provided that s > 1/2 (so that y i-A |y| G {\y\ > R)) 

1 


II/IIl3/2(r3) ^ V^||/||l 2 -r j^s-1/2 III-" 
and by optimizing in R. Now from (15.51) . we have 

ll‘5®(f)||L3/2(n<=) ^ ^+3 \\\y\^u{t, y)||L3/2(Rd) 

\t) 


7IIl3, 


< 


< 


V~e 


V~e 


11/2 


< 


where we have used ( 15.61 ) with s = 1, Pror)osition l5.2l and the fact that /i > 2. 

On O, we can repeat the computations from the L^-estimate (up to incorporating (15.61) 1: 
for the last term, we note that 

^11^ ( 9(0 + yVe) u{t,y)\\L3/2(^a) ^ ^11 u(i)llL“(n)ll^ ( 9(0 + yV^) llL3/2(n)> 

and that 

11 ^ ( 9(0 + yVs) llL3/2(n) < e~^lll^llL3/2(R3), 

where the last norm is finite since p > 2. Up to taking u in E^, we conclude 


\\S%t)\\ 


L3/2( 


< 


(t) 


3/2 ’ 


and the proposition follows. 


□ 


5.5. A priori estimate for the error in the critical norm. In this subsection, we prove: 


Proposition 5.7. Under the assumptions ofTheorem \5.1\ the error satisfies 

the a priori estimate, for any -admissible pair {q, r), 

e«lk''||Li(R;L''(R3)) < 


Proof. The reason for considering iJ^/^-admissible pairs is that the cubic three-dimensional 
Schrodinger equation is i/^/^-critical; see e.g. m. The proof of Pror)osition l5.7l is then 
very similar to the proof of lIMl Proposition 2.3]. 

An important tool is the known estimate for the approximate solution we have, in 
view of the fact that u, Bu € L°°Lf, 

(5.7) ||:^^(f)|U.(R3) < \ 2<r^6. 

Note that for an admissible pair, we infer 


ll/2^(i)l|L9(K;L'-(R3)) 


< 


Ul-ii _i_i 

!\2 rj=p q 4 
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SO Proposition l5.7l shows a %j£ gain for w® compared to , which is the order of magnitude 
we eventually prove in L°°L^, and stated in Theorem l5.ll Let 0 < ry 1, and set 

lk^llAA'(/) := sup 

(q,r) 1 '^ —admissible 

3<r^6-Tj 

Duhamel’s formula for (15.2b reads, given = 0, 

f Uy{t—s) ~ {s)ds+i£~^ f Uy{t—s)L‘^{s)ds. 

J —oo */ —oo 

Since we have the point-wise estimate 

Lemma l53] vields. with ( 52 , £ 2 ) = (^i 5) for the first term of the right hand side, and with 
( 92 , 'C 2 ) = (2, 3) for the second term, 

lk1U=(-oo.t) < £3/2-7/10 ||(|^e|2 ^ |^e|2^ + £-3/2||/:-||^.^3/ = 

< {\\ w ^\\\ w ]^ io /3 + 11/7^11^20j;,i0/3) l|tO^llL=L0 + £ 3/2||£E||^2^3^2^ 

where we have used Holder inequality. Note that the pairs (20, and (5, 5) are 77^/2. 
admissible. Denote by 

This function obviously belongs to L^ti(R). The estimate (15.7b and the definition of the 
norm yield 

l|tt^^llA7®(-oo,t) ^ ■v/£||ll'‘^ll^=(-oo,t) + ll^llL20(_oo_()||w®||AAs(-oo,t) +£ ^^^ll•^^llL2i3/2. 
Taking f <C — 1, we infer 

l|tl’^llA7=(-oo,t) ^ \/£||to'^ll^=(-oo,t) + (-oo,t) + 

where we have use Proposition 15.61 We can now use a standard bootstrap argument, as 
recalled in SectionH) We infer that for fi <C — 1, 

lk1lA7=(-oo.ti) < 

Using Duhamel’s formula again, we have 

Uy(t - ti)w^(ti) = -Z£3/2 f Uy{t - s) {s)ds 


fti 

+ i£“^ / Uy{t — s)C‘^{s)ds, 

J —00 


so we infer 


\\U^{t - fl)w^(fl)||Are(R) < \/e|k1l^=(-oo.ti) + l|w|li20(_^_t^)||w''||AA=(-oo,ti) 

+ £ 3/^||£®||^2((_oo_tj].i3/2) 

< Co£ 3 / 4 . 
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We now rewrite Duhamel’s formula with some initial time 


w 


'{t) = Uv{t - f Uy{t - s) {s)ds 

Jtj 

+ ie~^ Uy{t — s)L^{s)ds. 


For t ^ tj and I = \tj, t], the same estimates as above yield 

lk1lAA=(/) ^ \\Uy{- - tj)w^tj)\\jye(^I) + Cy/e\\w^\\lfe^i) + C'||u;|||20(7)||w'^||7va=(/) 

+ Ce ^^^||£®1L2(7.7^3/2), 


where the above constant C is independent of e, tj and t. We split Kj into finitely many 
intervals 

N N +1 

R = (- 00 , fi] U U [tN,oo) =: y Ij, 

j=i i=o 


on which 

^11^11^20(7^.) ^ 2’ 

so that we have 


l|tt^^llAA=(/j) ^ 2 ||C/y(- - + 2 C\/£\\w’^\\\fe(j.) + 2 Ce ^^^||/^'^||l2(7^.7^3/2) 


^ 2 ||C/y(- — tj)w^ + 2 C^/£\\w’^\\\fe(^j.) + C ^ 

where we have used Pror)osition l5.6l again. Since we have 

\\U^{t - fi)wTii)llAA=(R) < Coe^/^, 

the bootstrap argument shows that at least for e ^ ei (ei > 0), 

||zu^|Ue(7,) < 3\\UU- - fi)u;^(fi)|ke(7,) + \ce^l^ 


LHlj) 


LHh) 


On the other hand, Duhamel’s formula implies 

ftj+i 

Uy{t — tj+i)w^{tj^i) = Uy{t — tj)w^{tj) + i£~^ / Uy{t — s)£^{s)ds 

■’tj 

Uvit - s) (IV’^PV'^ - {s)ds. 


- 7£3/2 


Therefore, we infer 


WUyit - t3 + l)w%tj + l)\\^fe(^R) < \\U^{t - + +C^\\w^\\lfef^j.) 

+ C\\^\\\-iO(Ij)\\'w‘^\\j^^{Ij) + C'e ^'^^||'C'^||l2(7^.._73/2). 

By induction (carrying over finitely many steps), we conclude 

\\Uv{t - tj)w%tj)\\^fe^B.) = O , 0 < j ^ iV + 1, 

and ||tu^|| 7 v 7 e(R) = O as announced. □ 










38 


R. CARLES 


5.6. End of the argument. Resume the estimate (15.41) with the L^-admissible pair {qi, ri ) 


(§> 4 ): 

From Proposition |5]7] (the pair ( 8 ,4) is iJ^/^-admissible), 


£ ‘ 


I|w®||l8(R;L4) < 

and we have seen in the course of the proof that 

II‘F^IIl 8(R;L'‘) < e 

Therefore, we can split Rj into hnitely many intervals, in a way which is independent of e, 
so that 

(||tt''^|li8(7;_L4) + ||'F^|li8(7;i4)^ ^ r\ 

on each of these intervals, with 77 so small that we infer 


^3/8 


Il^i''^ll7,8/3(R;L^) ^ -||'C®IIl1(R;L2) < \fe. 


where we have used Proposition 15.61 Plugging this estimate into ( 15.4b and now taking 
( 91 , 71 ), Theorem l5.1 [ follows. 


6. Superposition 


In this section, we sketch the proof of Corollary 11.81 This result heavily relies on the 
(hnite time) superposition principle established in ifTTIl . in the case of two initial coherent 
states with different centers in phase space. We present the argument in the case of two 
initial wave packets, and explain why it can be generalized to any hnite number of initial 
coherent states. 


Following the proof of M Proposition 1.14], we introduce the approximate evolution 
of each individual initial wave packet: 




Xj-q^\ 

V~e ) 


^i{Sj{t)+pj{t)-(x-qj(t)))/e ^ 


where Uj solves ( II.11b with initial datum aj. In the proof of ifTTl Proposition 1.14], the 
main remark is that all that is needed is the control of a new source term, corresponding to 
the interactions of the approximate solutions. Set 


W'' = Ip'' - (fl - (P2. 


It solves 

iedtw" + = Vw‘' — C''+ Nf + = 0 , 

where the linear source term is the same as in Section |5] (except than now we consider the 
sums of two such terms), is the semilinear term 

+ ^l+ + fl+ fl) - + fl)) . 

and J\fj is precisely the new interaction term, 

AT/ = {\^l + - \^\\W - . 

In HD, it is proven that if (goijPoi) {qo 2 ,Po 2 ), then the possible interactions between 
ifil and 1^2 are negligible on every hnite time interval, in the sense that 

\\\mLHm^)^C{T,^)£\ 
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for every 7 < 1/2. We infer that \\w'^\\l°°{o,t-,l‘^) = 
we have 

< E 



0(£'^) for every T > 0. For t ^ T, 


qiit) - q2{t)\ 

) 


ui\t,y) 


L2 


^1 ASsl. Il+l2=^ 


Similarly, resuming the same estimates as in the proof of Pror)osition l5.6l 

By resuming the proof of Theorem IS.ll on the time interval [T, oo), we infer 


C 


|L“(0.c 


^C(r,7)e^ + ^ 


Therefore, 

limsup ||u;'^||l«.(o_oo;L 2) < Tpj’ 

£->■0 -t 

for all T > 0, hence the result by letting T ^ oo. 


In the case of more than two initial coherent states, the idea is that the nonlinear interac¬ 
tion term, Aff, always contains the product of two approximate solutions corresponding to 
different trajectories in phase space. This is enough for the proof of IfTTl Proposition 1.14] 
to go through; we always have 




^i+^fc+^m=3 

< E hrnimt 

j^k, 

^j+^fc+^m=3 

so the last factor is exactly the one considered in HU and above. 


t,y- 


qj{t) - qk{t)\ , 






L2 











qmit) - qk{t) 
V~e 


L2 
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